In this note, we prove that the recent proposal for the tree-level n-particle N = 8 supergravity amplitudes by Cachazo and Geyer [1] satisfies parity symmetry and soft limit behavior expected for graviton scattering amplitudes.
Introduction
In the last few years, there have been many developments toward a new formulation for scattering amplitudes in gauge theory and gravity. For N = 4 super Yang-Mills, some examples are the BCFW recursion relations [2, 3] , CSW expansion [4] and the Grassmannian formulations as integrals over the Grassmannians G(2, n) and G(k, n) [5, 6, 7, 8] . Together they provide new computational tools as well as new conceptual insights, by making manifest some symmetries which are hidden in the Lagrangian formulation of the theory.
The Lagrangian approach suggests that even the tree-level gravity is indeed a much more complex problem than Yang-Mills, in which a naive perturbative approach becomes computationally unfeasible already for a very small number of particles. Surprisingly, a huge development in gravity amplitudes has been recently made by Hodges [9] to reformulate tree-level MHV amplitudes in terms of a determinant.
Amazingly, triggered by Hodges MHV formula, two distinct novel formulas for tree-level supergravity amplitudes of all R-charge sectors were recently proposed by Cachazo-Geyer [1] and CachazoSkinner [10] .
Both proposals, which are analogous to the Witten-Roiban-Spradlin-Volovich's (Witten-RSV) twistor string formulation of N = 4 SYM [11, 12] , can be understood as huge steps toward finding a twistor-string formulation of gravity. Hodges-like determinants are important ingredients in the two formulas, which make them so simple and elegant.
On the one hand, the Cachazo-Geyer formula was derived from the supersymmetric version of the Kawai-Lewellen-Tye (KLT) relations [13] which relate the maximally supersymmetric amplitudes in Yang-Mills and gravity. The Cachazo-Skinner formula, on the other hand, emerged from studying the BCFW relations for gravity in super-twistor space.
In this short note, we consider the Cachazo-Geyer proposal and study two consistency checks, namely the parity invariance and soft limit behavior of the formula. Our proofs use the results given by RSV [12] and Witten [14] for the parity and soft limit checks in N = 4 SYM, and present the validity of these properties in the gravity formula. These two checks are strong evidences that the proposal is the complete tree-level S-matrix of supergravity. Finally, we explore the possibility of using the known results in SYM to compute amplitudes in gravity from the proposed formula, and we show the explicit computations for MHV and MHV amplitudes.
The paper is organized as follows: In section 2 we review the Cachazo-Geyer and Witten-RSV formulas. The proofs for the parity invariance and soft limit of the formula are presented in sections 3 and 4 respectively. Finally, in section 5 we calculate the MHV and MHV amplitudes from the formula.
The Cachazo-Geyer and Witten-RSV Formulas
Analogous to the Witten-RSV formulation, the Cachazo-Geyer formula for n particle tree-level supergravity amplitudes in the k th sector is
whose ingredients we explain below:
• C V (σ) is a k × n matrix obtained from the world-sheet variables (σ 1a , σ 2a ), a = 1 . . . n, via the Veronese map
Each column of Σ transforms as
• In order to write H n let us first define the Hodges-like n × n matrix Φ n with elements
.
We recall to the reader that (a b) are 2 × 2 minors of Σ, defined as
The matrix Φ n has rank n − 3. A non-degenerate matrix can be obtained by deleting three rows and three columns of Φ n . This matrix is denoted by Φ (abc) n(def ) . Finally, H n is defined as
• The last ingredient J n is obtained in a similar fashion as H n . First define the 2n + 2k vectors grouping the sets of variables V and equations E:
where
here α,α = 1, 2 are holomorphic and anti-holomorphic spinor indices, respectively. We then construct the matrix
Again, we know that since the system of equations contains momentum conservation, its rank is 2n + 2k − 4. Therefore, a non-degenerate matrix can be obtained by deleting four rows and four columns of K n . Choosing the rows to be the ones corresponding to {σ 1a , σ 2a , σ 1b , σ 2b } and the columns to {F 1c , F 2c , F 1d , F 2d }, and denoting the remaining matrix by K (ab) n(cd) , J n is finally given by
The number of integration variables in (2.1) after gauge fixing the GL(2) redundancy is 2n + 2k − 4, the same number of δ-functions under the integral after pulling out the momentum conserving δ 4 ( n a=1 p a ). Hence, the integral is completely localized. The resulting amplitude is therefore computed from the solutions (σ * 1a , σ * 2a , ρ * αα ) of the system of equations 11) by evaluating the integrand with the corresponding Jacobian factor at each solution and summing over all contributions. The Cachazo-Geyer formula can be finally written as
For the proofs presented in this work, it turns out to be more convenient to write (2.1) in terms of other set of variables (ρ, σ, ξ) where σ and ξ are related to the world-sheet variables σ 1 and σ 2 as
In these variables, (2.1) reads
and J ′ n is the Jacobian obtained by solving the δ-functions with respect to the variables (ρ, σ, ξ), related to J n as
In the following, we will use known results in N = 4 SYM theory by Witten-RSV to verify that (2.12) indeed obeys parity invariance and reproduces the correct soft factor [15, 16] .
In order to do so, it is instructive to review the Witten-RSV formulation of gauge theory amplitudes in terms of Witten's twistor string [11] . The SYM n-point partial amplitudes in the k th sector are given by
Once again, this integral is completely localized and the amplitude is given by
with J ′ being the Jacobian obtained by solving equations (2.11) with respect to the variables (ρ, σ, ξ).
Parity Invariance
In this section we check the parity symmetry of the Cachazo-Geyer formula. Given a scattering amplitude, the parity conjugated one is obtained by swapping k ↔ n − k, λ ↔λ and Fourier transforming the Grassmann SUSY parametersη ↔ η. Being more explicit, this statement for gravity reads
We start from the result stated by RSV that for each solution (ρ * , σ * , ξ * ) of the (n, k) system of equations (2.11) there corresponds a solution (ρ,σ,ξ) of the (n, n − k) system of equations of the parity conjugated amplitude
whereC V (σ) is an (n − k) × n matrix also obtained via the Veronese map (2.3) from some 2 × n matrixΣ. The conjugated solutions are obtained by performing the change of variables
From now on we denote σ ab ≡ σ a − σ b . We want to show that each individual solution is parity invariant, that is
where (σ * 1 ,σ * 2 ,ρ * ) are the solutions of (3.2).
In SYM, the correspondence between individual solutions leads to the identity
We see immediately that the factor n a=1 σ a+1 a = n a=1σ a+1 a cancels in both sides as a consequence of (3.3) and the equality between each solution. This identity when written in terms of the variables (ρ, σ 1 , σ 2 ) as in (2.1) reads
The idea is to split the fermionic δ 0|8 from (3.4) into two copies of δ 0|4 , and then apply (3.6) twice. Now it is left to work out what H n is in terms of the coordinates (ξ, σ). Each 2 × 2 minor is given by (i j) = (ξ i ξ j ) 1 k−1 σ ji , thus we can factorize the ξ dependence of the matrix Φ n (ξ, σ) and write instead Φ ′ n (σ):
(3.8)
With this, H n is given by
. . , 4, we can write
(3.10)
Then, using (3.6) twice and merging the two Grassmann η A L,R , A = 1, . . . , 4, conjugated toη A L,R , into an 8-component η A , we get
, (3.11)
We conclude that each solution is invariant under parity transformation. This implies that the whole amplitude satisfies (3.1).
Soft Graviton Limit
In this section, we show that the Cachazo-Geyer formula reproduces the correct soft factor for gravity amplitudes. In order to do so, we first recall to the reader the soft limit for SYM amplitudes: if particle 1 has positive helicity and we take its momentum to zero, the amplitude factorizes in the following way:
If particle 1 has negative helicity, we simply conjugate the soft factor.
We start from the RSV formula (2.17) in terms of the variables (ρ, σ 1 , σ 2 ):
(4.2)
Under the soft limit (λ 1 ,λ 1 ) → (0, 0) andη 1 = 0, J n factorizes into
with D being a 2 × 2 matrix that carries all dependence on the soft particle. To see this, let us recall from (2.10) the definition
n(cd) | and look at the matrix K n under such limit. If we arrange the columns and rows in order to put the dependence on the soft particle on the last two ones, then
where A is a 2 × 2(k + n − 1) matrix in which all non-zero entries are of the kind ∂E αα ∂(σ 11 ,σ 21 ) ∝λα 1 . Therefore, in the soft limit all its entries become zero and
Choosing the deleted rows and columns {a, b, c, d} = 1, the factorization of |K We extract the factors depending on the soft particle, and use the soft limit of the RSV formula (2.17)
where we multiplied and divided by σ 2n 1 in order to obtain the correct measure for A n−1 .
1 Not to be confused with the elements of the 2 × n matrix Σ of (2.2).
Comparing (4.6) with (4.1), we can find the factor D at each solution
, (4.7)
which will be useful below in the calculation of the soft limit. It is crucial to notice that D does not know anything about the ordering of the particles, so in (4.7) we can replace 2 and n by any other two particles. We will now make use of these facts to calculate the soft limit in gravity. Recall the Cachazo-Geyer formula (2.12)
. (4.8)
In the soft limit H n also factorizes as
To see this, let us recall from (3.9)
(def ) | in the limit (λ 1 ,λ 1 ) → (0, 0) can be approximated as
. . .
by expanding in the first row and keeping only the first order in s 1i , which is small in this limit. Here we assumed that the set of three rows and three columns that are deleted from Φ n do not contain the first row or first column. The σ ij of (4.10) combine with the ξ dependence of (3.9) to give (4.9). Thus, in the soft limit, the gravity amplitude takes the form
where the factor H n−1 /J 2 n−1 gives the lower-point amplitude M n−1,k . Now we can use the expression (4.7) for D with convenient replacements for the labels 2 and n. There are two copies of D in the formula, so choosing for the first one {2, n} → {c, l} and for the second one {2, n} → {c, r}, we obtain
(4.12)
Since for every solution we obtain a factor that depends only on the external data, the full amplitude obtains the same factor. In other words, we have obtained the well-known expression for the gravitational soft limit
Calculating Gravity Amplitudes from SYM Results
It can be noticed that in both proofs in the previous sections we avoided calculating the clumsiest part of the formula (2.1) -the Jacobian J n . This was achieved by making use of the knowledge of the corresponding SYM result. One can ask if it is possible to use the same trick also for computing amplitudes. It is trivially true for MHV, because the Jacobian is 1 in this case. In this section, we will show that it also works for MHV whose Jacobian is not trivial. Obviously, MHV amplitudes can be obtained from the Hodges' MHV formula [9] by parity conjugation. However, in order to illustrate using SYM results for calculating gravity amplitudes, we will show explicitly how the formula (2.1) reproduces the MHV amplitudes.
According to Hodges, a reduced 2 tree-level MHV amplitude in N = 8 SUGRA is given bȳ
and |Φ H | rst ijk is the (n − 3) × (n − 3) minor of the matrix
obtained by deleting the columns r, s, t and rows i, j, k. Here x and y are two arbitrary spinors. First let us recall that each of the integral formulas for SYM (2.16) and gravity (2.1) can be written as a sum over solutions of the δ-functions in the integrand (2.12,2.17). In the MHV case the integral receives contribution only from one solution, which by using the GL(2) "gauge freedom" can be written as
or equivalently, in terms of (ρ, σ, ξ)
Therefore, on this solution the minors (σ a σ b ) become inner products a b and the matrix Φ n of (2.4) reduces to the Hodges' matrix Φ H (5.2).
On the MHV solution (5.3), J n = 1. Indeed, J n appears as a determinant of resolving the δ-functions in (2.1), which in the MHV case takes the form
On the solution, λ a = σ a , so the first two δ-functions combine to the momentum conserving δ 4 n a=1 λ a αλ ȧ α . The last 2n δ-functions in (5.5) integrated over σ can be written in a form
But on the MHV solution, R is equal to the identity matrix, so no factor is produced in (5.5) and J n = 1. Substituting J n = 1 into the Cachazo-Geyer formula (2.12) and pulling out the momentum conserving and Grassmannian δ-functions, we see that the reduced amplitude is equal to H n . As (2.4) reduces to the Hodges' matrix (5.2), we conclude that the Cachazo-Geyer formula (2.1) reproduces the Hodges' formula (5.1) in the MHV case. Now we consider MHV amplitudes. First let us understand how (2.16) reproduces the well-known Parke-Taylor formula for MHV amplitudes in SYM
The corresponding formula for MHV can be obtained from MHV by parity conjugation. The only solution contributing to the amplitude is
In order to make it clear that this is the conjugate of an MHV amplitude, we wrote the LHS in terms of the (n − 2) × n matrixC βa =ξ aσ β−1 a where σ 1 σ 2 =ξ
is a solution of the parity conjugated system (3.2).
Through the transformation (3.3),σ andξ are related to ξ and σ, which in turn can be expressed through the antiholomorphic part of kinematical data
We will use our knowledge of the MHV amplitudes in SYM to calculate them in gravity. As in the previous sections, we represent the formula (2.1) for gravity amplitudes as a sum over solutions. Similar to the MHV case, there is only one solution
. (5.10)
We split the 8-component fermionic δ-function into two 4-component ones, group each of them with one copy of 1/J n and use the SYM result (5.8). The two fermionic integrals over d 4n η can be merged into one over
Under the transformation (3.3), σ does not change while ξ does, so it makes sense to extract the ξ-dependence from H n , as in (3.9): 12) where H ′ n depends only on σ and thus does not change under the transformation (3.3). We can also extract the ξ-dependent factors from the minors
Here we used the fact that
Substituting (5.12) and (5.13) into (5.11), we see that theξ's cancel
The ξ factor can be now absorbed into H ′ n by defining with three rows and three columns eliminated. Here we used again (5.14).
Finally, we obtain the following formula for MHV gravity amplitudes: which one can check that is the parity conjugate of Hodges' formula for MHV amplitudes [9] . We can conclude that in the MHV and MHV cases there is no need to explicitly calculate the Jacobian J n in the Cachazo-Geyer formula (2.1), because in the gravity MHV amplitude, J n can be extracted from the SYM counterpart. This is a surprising fact, since unlike the MHV case, in which J n = 1, in the MHV case J n is nontrivial, nevertheless this trick allows to avoid computing it explicitly. This simplification hints that there may be a possibility that the calculation of amplitudes with arbitrary k does not require the computation of J n explicitly, taking instead advantage of the corresponding SYM result. Therefore, this is a path for further simplifications of the formula (2.1).
Conclusion
In this paper, we have proved that the recently proposed Cachazo-Geyer formula (2.1) for all tree-level amplitudes in N = 8 SUGRA satisfies parity symmetry and behaves correctly in a soft-graviton limit. These properties provide evidence for the validity of the formula (2.1) in all k-sectors. Indeed, a k-preserving soft limit produces a lower-point amplitude with the same k. So, iteratively performing the k-preserving soft limit, each amplitude can be reduced to MHV, which in turn can be related to MHV by parity conjugation. Thus, the consistency checks which we performed support the validity of the Cachazo-Geyer proposal.
